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Abstract
A space X is called extraresolvable if there is a family D of dense subsets such that |D|>∆(X),
where ∆(X) is the dispersion character of X, and D ∩ D′ is nowhere dense whenever D,D′ ∈ D
and D 6= D′. It is shown that if X is either a countable spaces with nowhere dense tightness or a
countable (Hausdorff) weakly Fréchet–Urysohn space, then X is extraresolvable. It is not hard to see
that every extraresolvable space is ω-resolvable. We prove that compact metric spaces and compact
topological groups are not extraresolvable (these spaces are maximally resolvable). We also give
some examples of metric extraresolvable topological Abelian groups with uncountable dispersion
character, compact extraresolvable spaces with uncountable dispersion character and an example of
a connected ω-bounded extraresolvable topological Abelian group. Ó 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
The Greek letters α and κ will stand for infinite cardinal numbers. If X is a set, then
[X]α = {A ⊆ X: |A| = α}, the meaning of [X]<α and [X]6α should be clear. For non-
empty sets X and Y , YX will denote the set of all functions from Y to X. If κ is a cardinal
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and λ an ordinal, then <λκ =⋃θ<λ θκ and κ<λ =∑θ<λ κθ . If λ is an ordinal, s ∈ λ2 and
i ∈ 2, then s_i = s ∪ {(λ, i)}. We say that Σ ⊆ [ω]ω is almost disjoint if A ∩ B is finite
whenever A,B ∈Σ and A 6= B .
All topological spaces considered in this paper are T3-spaces (in some cases, we only
need the Hausdorff axiom) without isolated points (in the case when we consider an infinite
power the factor space is allowed to have isolated points). The dispersion character of a
topological space (X, τ) is
∆(X)=min{|V |: V ∈ τ − {∅}}.
We use the standard notation d(X), piw(X), t (X) and w(X) for the density, the pi -weight,
the tightness and the weight of a space X, respectively.
In 1943, Hewitt [11] introduced the notion of resolvability. He called a space resolvable
if it has two disjoint dense subsets, and a space that is not resolvable is called irresolvable.
It is evident that a space X cannot have more than ∆(X) many pairwise disjoint dense
subsets. Following Ceder [4], we say that a topological space is k-resolvable, where k is
a cardinal, if X contains k-many pairwise disjoint dense subsets. If X is ∆(X)-resolvable,
we simply say that X is maximally resolvable. Hewitt showed [11] that metric spaces and
locally compact spaces are resolvable (see [7, Theorem 3.7]). Two of the most important
theorems in the category of maximally resolvable spaces are the following: the former is
due to El’kin [9] and the later, in a more general form, was proved by Pytkeev [16].
Theorem 1.1. If piw(X)6∆(X), then X is maximally resolvable.
Theorem 1.2. If t (X) <∆(X), then X is maximally resolvable.
If we consider “nowhere dense intersection” instead of “empty intersection”, then we
have the following topological property that it was first studied in [13] by the second author.
Definition 1.3 (Malykhin). A space X is called extraresolvable if there exists a family
D of dense subsets of X such that |D| > ∆(X) and D ∩D′ is nowhere dense whenever
D,D′ ∈D and D 6=D′.
An easy example of an extraresolvable T1-space is the following: If τ is the cofinite
topology on ω, then (ω, τ ) is a T1-topology on ω which is dense in itself and every almost
disjoint family Σ of infinite subsets of ω is a set of dense subsets of (ω, τ ) (we know that
there exists an uncountable almost disjoint family of infinite subsets of ω (see [10, 6Q.1])).
Extraresolvability is stronger than ω-resolvability as is shown in the next theorem:
Theorem 1.4. An extraresolvable space is ω-resolvable.
Proof. Let X be an extraresolvable space and let D be a family witnessing the
extraresolvability of X. Since X has no isolated points, ∆(X) > ω. Therefore |D| > ω.
Let {Dn: n ∈ ω} be a countable infinite subset of D. Then, {Dn− (⋃i<n Di): n < ω} is an
infinite pairwise disjoint family of dense subsets of X. 2
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But, we will next see that there is a space which is ω-resolvable and is not
extraresolvable.
Theorem 1.5. If X is a space and
|X|piw(X) =∆(X),
then X is maximally resolvable and is not extraresolvable.
Proof. Suppose that there is a set {Dξ : ξ < α} of dense subsets of X such that ∆(X) < α,
and Dξ ∩Dζ is nowhere dense whenever ξ < ζ < α. For each ξ < α, we choose a dense
subset Eξ of Dξ with |Eξ |6 piw(X). Consider the family {Eξ : ξ < α}. Since
{Eξ : ξ < α}6 |X|piw(X) 6∆(X) < α,
there must be ξ < ζ < α for which Eξ =Eζ , and this implies that Eξ ⊆Dξ ∩Dζ which is
impossible. Therefore, X is extraresolvable. The maximal resolvability of X follows from
Theorem 1.1. 2
Observe from Theorem 1.5 that piw(X)X is not extraresolvable for every space X, and
the real line R and β(ω)−ω are c-resolvable and are not extraresolvable. In the paper [13],
Malykhin showed that every dense in itself countable subspace of Cp(X) is extraresolvable
whenever X is an A-set from a compact space; for instance, the irrational numbers.
This paper is organized as follows. The second section is devoted to showing that
every countable space with countable nowhere dense tightness and every countable
(Hausdorff) weakly Fréchet–Urysohn space is extraresolvable. In the third section, we
give some examples of metric extraresolvable topological Abelian groups with un-
countable dispersion character, compact extraresolvable spaces with uncountable dis-
persion character and an example of a connected ω-bounded extraresolvable topologi-
cal Abelian group. The last section contains additional examples and some open prob-
lems.
2. Extraresolvability of some countable spaces
To state the following theorem we need the notion of countable nowhere dense tightness
that was introduced in [3].
Definition 2.1 (Bella–Malykhin). A point x of a space X has countable nowhere dense
tightness, if whenever x ∈ A, for A ⊆ X, there exits a countable nowhere dense subset
B ⊆ A such that x ∈ B . A space X has countable nowhere dense tightness if every point
of X has countable nowhere dense tightness.
Every Fréchet–Urysohn space (without isolated points) has countable nowhere dense
tightness and hence every metric space has countable nowhere dense tightness. The authors
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of [3] have shown that every countable space with nowhere dense tightness is ω-resolvable.
We improve this result as follows.
Theorem 2.2. Every countable space with nowhere dense tightness is extraresolvable.
Proof. Let (ω, τ ) be a countable space with nowhere dense tightness. Consider the tree
<ω2. For ∅ ∈ <ω2, we choose a nowhere dense subset N∅ such that 0 ∈ N∅. Now, we use
induction. Suppose that for every s ∈ <ω2 with dom(s)6 n < ω we have defined Ns ⊆ ω
such that
(1) Ns is nowhere dense for every s ∈ <ω2 with dom(s)6 n < ω;
(2) dom(s) ∈Ns for every s ∈ <ω2 with dom(s)6 n < ω;
(3) if s and t extend r and s(dom(r)) 6= t (dom(r)), then Ns ∩ Nt = Nr for every
s, t ∈ <ω2 with dom(s),dom(t)6 n < ω;
(4) Ns ⊆Nt whenever s ⊆ t and s, t ∈ <ω2 with dom(s),dom(t)6 n < ω.
Consider n and n+12. Since the union of finitely many nowhere dense subsets is nowhere
dense, we can find 2n+1-many pairwise disjoint nowhere dense subsets {Mk: k < 2n+1}
such that
(a) n ∈Mk for every k < 2n+1;
(b) Mk ∩Ns = ∅ for every s ∈⋃j6n j2 and for every k < 2n+1.
Enumerate faithfully the family {Mk: k < 2n+1} as {M(t,i): t ∈ n2, i ∈ 2}. For each t ∈ n2
and for each i ∈ 2, we define
Nt_i =Nt ∪M(t,i).
Now, for each f ∈ ω2 we define Df =⋃n<ω Nf |n . If f,g ∈ ω2 and f 6= g, then there
is a positive integer n maximal with the property s = f |n = g|n. By clauses (3) and (4),
we obtain that Df ∩ Dg = Ns which is nowhere dense by clause (1). It follows from
clause (2) that Df is dense in (ω, τ ) for every f ∈ ω2. Thus, the family of dense subsets
{Df : f ∈ ω2} satisfies our conditions. 2
From Theorem 2.2, the rationals Q is an example of a countable extraresolvable
Hausdorff space, and the real lineR is not extraresolvable and has countable nowhere dense
tightness. Comfort and Feng [6] proved that the union of resolvable spaces is resolvable
(their argument also works for κ-resolvability [7]), but R is a non-extraresolvable space
that is the union of extraresolvable subspaces which are topological copies of Q.
Next, we will prove that some countable spaces which have the weak Fréchet–Urysohn
property are extraresolvable. The weak Fréchet–Urysohn property is a generalization of
the Fréchet–Urysohn property and it was introduced by Reznichenko in a talk given at
Arhangel’skiıˇ’s Seminar in Moscow State University:
Definition 2.3 (Reznichenko). A point x ∈ X is called a weakly FU-point if whenever
x ∈ A there is a countably infinite family A of pairwise disjoint finite subsets of A such
that for every neighborhood V of x , {B ∈A: V ∩B = ∅} is finite. If every point of a space
is a weakly FU-point, then the space is called a weakly FU-space.
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Reznichenko proved that if X is σ -compact, then Cp(X) is a weakly FU-space, and that
every weakly FU-space is ω-resolvable.
A natural generalization of weak FU-point is the following (this concept was introduced
in [14]):
A point x ∈ X and a countably infinite pairwise disjoint (CIPD) family A of finite
subsets of X are said to satisfy the Reznichenko’s condition, in symbols Rz(x,A), if for
every neighborhood V of x , {A ∈A: V ∩A= ∅} is finite.
Malykhin and Tironi [14] also gave a useful reformulation of Reznichenko’s condition:
For x ∈X and a CIPD family A of finite subsets of X, the following are equivalent.
(1) Rz(x,A);
(2) MT(x,A): x ∈⋃B for every infinite subfamily B of A.
We shall use this notation:
For F ∈ P(ω), χF will stand for the characteristic function of F . We identify P(ω) with
ω2 via characteristic functions (F ↔ χF ) and ω2 is equipped with the product topology.
A basic neighborhood in ω2 is a set of the form
O(s)= {f ∈ ω2: s ⊆ f },
where s ∈ <ω2. It is known that ω2 is a topological group with the addition by mod (2). If
A⊆ <ω2, then Â= {f + 1 mod (2): f ∈A}. In particular, if F is a family of subsets of
ω, then X̂F = {χω−F : F ∈F}. If X is a topological space and x ∈X, then
Fx = {A⊆X: x ∈A◦}
will denote the filter of all neighborhoods of x in X and if D ⊆X, then
N(D)=
⋃
x∈D
Fx.
Now, we show some preliminary results.
Lemma 2.4. Let (ω, τ ) be a topological space. Then, we have that D ⊆ ω is τ -dense if
and only if χD ∈ ω2− N̂(E) for some dense subset E of (ω, τ ).
Proof. (⇒) Suppose that D ⊆ ω is τ -dense. If χD = χω−F for some F ∈ N(X), then
F ∩D = ∅ and so D would not be dense. Therefore, χD ∈ ω2− N̂(X).
(⇐) Let χD ∈ ω2− N̂(E) for some dense subset E of (ω, τ ). Then, D intersects every
open set which intersects E, so D is dense. 2
The next lemma is taken from [13].
Lemma 2.5 (Malykhin). LetN be a meager subset of ω2. Then, there is an almost disjoint
familyΣ of infinite subsets of ω with cardinality equal to c such that χA ∈ ω2−N for every
A ∈Σ .
Proof. Let N =⋃n<ω Nn where each Nn is nowhere dense. Let s0 ∈ <ω2 with O(s0) ∩
N0 = ∅. Put dom(s0) = K0 > 0 and y∅ = s0. We proceed by induction. Suppose that for
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every j 6 n < ω we have defined a subset Hj = {ys: s ∈ j2} of <ω2 and a positive integer
Kj such that
(1) if s ⊆ t and dom(t)6 n, then ys ⊆ yt ;
(2) ys 6= yt whenever s 6= t and s, t ∈ j2 for every j 6 n;
(3) O(ys)∩ (N0 ∪ · · · ∪Nj)= ∅ for every s ∈ j2 and for every j 6 n;
(4) dom(ys)=Kj <Kj+1 for every s ∈ j2 and for every j 6 n− 1;
(5) if r ⊆ s and r ⊆ t for s, t, r ∈⋃j6n j2, then y−1s (1) ∩ y−1t (1)⊆ y−1r (1) for every
j 6 n;
(6) for every j < n, we have that {y−1s_i(1) − Kj : s ∈ j2, i ∈ 2} is a set of pairwise
disjoint non-empty sets.
Enumerate n+12 as {sl : l < 2n+1} and write sl = t_l il for some tl ∈ n2 and some il ∈ 2
for each l < 2n+1. Since
⋃
j6n+1Nj is nowhere dense, for each l < 2n+1 we may define
ysl ∈ <ω2 so that
(a) ytl ⊆ ysl for every l < 2n+1;
(b) dom(ysm) < dom(ysl ) whenever m< l < 2n+1;
(c) ysl (k)= 0 for all k ∈ dom(ysl−1)−Kn for every 16 l < 2n+1;
(d) y−1sl (1)∩ (ω− dom(ysl−1)) 6= ∅ for every 16 l < 2n+1;
(e) O(ysl )∩ (N0 ∪ · · · ∪Nn+1)= ∅ for every l < 2n+1.
By adding 0-values if it is necessary, we may assume thatKn+1 = dom(ysl ) > Kn for every
l < 2n+1. Then, we defineHn+1 = {ysl : l < 2n+1}. It is not hard to prove thatHn+1 satisfies
the conditions (1)–(6). Now, for each f ∈ ω2, we define yf =⋃n<ω yf |n (by clause (1)
this is well-defined) and Af = y−1f (1) which is an infinite set (by clause (6)). Let f,g ∈ ω2
with f 6= g. Then, s = f |n = g|n for some n < ω and we let n be the biggest integer with
this property. By clauses (2), (5) and (6), we have that y−1f |m(1)∩ y−1g|m(1)⊆ y−1s (1) for all
n < m<ω; hence, Af ∩Ag ⊆ y−1s (1). Therefore, Σ = {Af : f ∈ ω} is an almost disjoint
family of infinite subsets of ω with cardinality equal to c such that χA ∈ ω2−N for every
A ∈Σ . 2
Reznichenko’s condition is somehow related to a characterization of meager filters on ω
due to Telagrand [18] as is stated in the next theorem. First, we prove a lemma.
Lemma 2.6. For ∅ 6=A⊆ ω2, the following conditions are equivalent.
(1) A◦ 6= ∅.
(2) There is n < ω and H ⊆ n such that if A⊆ ω and A∩ n=H , then
∀m< ω ∃B ∈A (A∩m= B ∩m).
Proof. (1)⇒ (2) Suppose thatA◦ 6= ∅. Then there is s :n→ 2 in <ω2 such thatO(s)⊆A.
Set H = s−1(1) and fix A⊆ ω with A ∩ n=H . Then, χA ∈O(s). If m<ω, then there is
B ∈A such that χB ∈O(χA|m) which is equivalent to the equality A∩m= B ∩m.
(2)⇒ (1) Put s = χH |n. We claim that O(s)⊆A. In fact, let χA ∈O(s). Then, A∩n=
H . If χA ∈O(t) for some t ∈ <ω2, then there is B ∈A for which A∩ dom(t)= B ∩m and
hence χB ∈O(t). This shows our claim. So, A◦ 6= ∅. 2
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Lemma 2.7. The following conditions are equivalent for a free filter F on ω.
(1) F is meager.
(2) There is a set {In: n < ω} of pairwise disjoint finite subsets of ω such that each set
in F meets all but finitely many In’s.
Proof. (1)⇒ (2) For a proof see either the paper [18, Theorem 21] or the book [19].
(2)⇒ (1) Let (In)n<ω be a set of finite subsets of ω such that each set in F meets all
but finitely many In’s. For each n < ω, we define
Mn =
{
F : F ∈F and ∀k (n6 k < ω⇒ F ∩ Ik 6= ∅)
}
.
Then we have that F =⋃n<ωMn. We will verify that Mn is nowhere dense for every
n < ω. Indeed, fix n < ω and suppose thatMn◦ 6= ∅. By Lemma 2.6, there is k < ω and
H ⊆ k such that if A⊆ ω and A∩ k =H , then
∀m<ω ∃B ∈Mn (A∩m= B ∩m).
By assumption, there is n < j < ω such that k ∩ Ij = ∅. Choose m < ω so that k > m
and Ij ⊆ m and put A = (m − (k ∪ Ij )) ∪ H . Then, there exists F ∈Mn such that
∅ 6= F ∩ Ij ⊆ F ∩ m = A ∩ m ⊆ m − Ij , but this is impossible. This shows that Mn is
nowhere dense for each n < ω and so F is meager. 2
Theorem 2.8. Let (ω, τ ) be a countable Hausdorff space. IfD = {x ∈ ω: ∃ a CIPD-family
A of finite subsets ofX such that Rz(x,A) holds} is dense in (ω, τ ), then (ω, τ ) is extrare-
solvable. In particular, every countable Hausdorff weakly FU-space is extraresolvable.
Proof. Since (ω, τ ) is Hausdorff, Fx is a filter for every x ∈ ω. We remark that (2)⇒ (1)
of Lemma 2.7 holds for any filter. Thus, Fx is meager for every x ∈D, since there exists a
CIPD-family A for which Rz(x,A) holds. Then, N(D) =⋃x∈DFx is meager and hence
N̂(D) is meager as well. By Lemma 2.5, there is an almost disjoint familyΣ of cardinality
equal to c such that χA ∈ ω2− N̂(D) for every A ∈Σ . Applying Lemma 2.4, we obtain
thatA is a dense subset of (ω, τ ) for everyA ∈Σ . Therefore, (ω, τ ) is extraresolvable. 2
We say that x ∈X is a k-point if there is a non-trivial sequence of X converging to x .
Corollary 2.9. If the subset of k-points of a countable space (ω, τ ) is dense, then (ω, τ )
is extraresolvable.
3. Extraresolvability of some spaces
It is well known that every compact metric space (without isolated points) has size c
(see [12]) and every compact topological group G has size 2w(G) (see [5]). According
to Theorem 1.5, compact metric spaces and compact topological groups cannot be
extraresolvable. In this section, we will give some examples of compact extraresolvable
spaces and metric extraresolvable topological Abelian groups. The following result is
essential to find some extraresolvable spaces.
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Theorem 3.1. Let κ be a strong limit cardinal. If X satisfies
t (X) < κ = d(X)6∆(X) < 2κ ,
then X is extraresolvable.
Proof. By virtue of Theorem 1.2, X is κ-resolvable. Hence, we have that every subset
A ∈ [X]<κ is nowhere dense. Since d(X)= κ , we may choose a dense subset D of X with
|D| = κ . Enumerate D as {dν : ν < κ}. Let {Dξ : ξ < κ} be a set of pairwise disjoint dense
subsets ofX. Consider the tree <κ2 and assume that for every s ∈ <κ2 with dom(s) < λ < κ
we have defined Ns ⊆X such that
(1) |Ns |6 t (X) for every s ∈ <κ2 with dom(s) < λ;
(2) Ns ⊆Ddom(s) for every s ∈ <κ2 with dom(s) < λ;
(3) ddom(s) ∈Ns for every s ∈ <κ2 with dom(s) < λ;
(4) Ns ∩Nt = ∅ whenever s, t ∈ θ2, s 6= t and θ < λ.
Since 2|λ| · t (X) < κ and every subset A ∈ [X]<κ is nowhere dense, we can find 2|λ|-many
pairwise disjoint subsets {Mξ : ξ < 2|λ|} of Dλ such that
(a) dλ ∈Mξ for every ξ < 2|λ|, and
(b) |Mξ |6 t (X) for every ξ < 2|λ|.
Now we enumerate faithfully the family {Mξ : ξ < 2|λ|} as {Ns : s ∈ λ2}. Define
Ef =
⋃
λ<κ
Nf |λ for each f ∈ κ2.
By (3), we have that Ef is a dense subset of X for every f ∈ κ2. If f,g ∈ κ2 are different,
then there is λ < κ with s = f |λ = g|λ and f (λ) 6= g(λ), and so Ef ∩Eg =⋃θ<λ Nf |θ .
Since |⋃θ<λ Nf |θ |6 |λ| · t (X) < κ , we must have that Ef ∩Eg is nowhere dense. Thus,
the family {Ef : f ∈ κ2} of dense subsets satisfies our conditions. 2
Corollary 3.2. If X satisfies that
(1) t (X) <∆(X)= |X|; and
(2) |X| is a strong limit cardinal,
then X is extraresolvable.
Proof. Put κ = |X|. By Theorem 1.2,X is κ-resolvable and since κ is a strong limit, every
subset A of X with |A|< κ is nowhere dense. This show that d(X)= κ . The conclusion is
now a direct consequence of Theorem 3.1. 2
Applying Theorem 2.2 and Corollary 3.2. we have:
Corollary 3.3. Every metric space X with strong limit cardinality and ∆(X)= |X| is an
extraresolvable space.
For every cardinal number κ we will give an example of a metric extraresolvable space
of size κ with dispersion character equal to ω. After we finish this task, we shall describe
some metric extraresolvable spaces with uncountable dispersion character.
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Lemma 3.4. Let {Xi : i ∈ I } be a set of spaces. If A ⊆∏i∈I Xi satisfies that pii[A] is
nowhere dense for some i ∈ I , then A is nowhere dense, where pii :∏j∈I Xj →Xi is the
projection map on the i-coordinate.
Proof. Let V be a non-empty open subset of
∏
i∈I Xi and let i ∈ I be such that pii[A] is
nowhere dense. Then, there is a non-empty open set U of Xi such that U ∩ pii [A] = ∅ and
U ⊆ pii[V ]. Hence, ∅ 6= pi−1i (U) ∩ V ⊆ V −A. This proves that A is nowhere dense. 2
Lemma 3.5. If X and Y are spaces such that X is extraresolvable and ∆(Y ) 6 ∆(X),
then X× Y is extraresolvable.
Proof. We have that ∆(X× Y )=∆(X). Let {Dξ : ξ < ∆(X)+} be a set of dense subsets
of X witnessing the extraresolvability of X. We then have that {Dξ × Y : ξ <∆+} is a set
of dense subsets of Y such that, by Lemma 3.4, (Dξ × Y ) ∩ (Dζ × Y ) is nowhere dense
whenever ξ < ζ <∆(X)+. Therefore, X× Y is extraresolvable. 2
In Lemma 3.5, the space Y is allowed to have isolated points and since X does not have
isolated points, then X× Y does not have isolated points.
Example 3.6. For each cardinal κ there is a metric extraresolvable space of size κ whose
dispersion character is equal to ω. It follows from Lemma 3.5, that Q × κ is a metric
extraresolvable space of size κ and ∆(Q× κ)= ω, for each cardinal κ .
Example 3.7. Let κ be a strong limit cardinal. We know that the groupG= [κ]<ω with the
operation A+B = (A−B)∪ (B −A) is an Abelian group of order 2. If we equipG with
the discrete topology, then ωG is a metric non-discrete topological Abelian group, and its
subgroup H = {x ∈ ωG: |{n < ω: xn 6= ∅}|< ω} is also a metric non-discrete topological
Abelian group in which every subset of cardinality strictly smaller that κ is nowhere dense.
According to Corollary 3.3, we have that H is extraresolvable and ∆(H)= κ .
Another result that is very useful in finding extraresolvable spaces is the following.
Theorem 3.8. Let κ be a cardinal with κ = κ<cf(κ). If X satisfies that
(1) piw(X)6 κ 6∆(X) < κcf(κ); and
(2) every subset A ∈ [X]<κ is nowhere dense,
then X is extraresolvable.
Proof. LetX satisfy the conditions. First notice that d(X)= piw(X)= κ . By Theorem 1.1,
we have that X is maximally resolvable. Fix {λζ : ζ < cf(κ)} a cofinal and strictly
increasing set of ordinal numbers of κ . Since X is κ-resolvable and |<cf(κ)κ | = κ<cf(κ) = κ
there is a set {Ds : s ∈ <cf(κ)κ} of parwise disjoint dense subsets of X. Choose a pi -base
B of X with |B| = piw(X) and enumerate B as {Vξ : ξ < κ}, we repeat elements if it is
necessary. For each s ∈ <cf(κ)κ , we may take Ns ∈ [Ds ]6|λdom(s)| such that Ns ∩Vξ 6= ∅ for
every ξ < λdom(s). For f ∈ cf(κ)κ , we define Mf =⋃ζ<cf(κ) Nf |ζ . It is evident that Mf is
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dense in X for every f ∈ cf(κ)κ . If f,g ∈ cf(κ)κ are different and θ < cf(κ) is the smallest
cardinal with f |θ 6= g|θ , then Mf ∩Mg =Nf |θ =
⋃
ξ<θ Nf |ξ =
⋃
ξ<θ Ng|ξ ∈ [Df |θ ]6|λθ |
and hence Mf ∩Mg is nowhere dense. Therefore, X is extraresolvable. 2
By replacing the tree <cf(κ)κ by the tree <cf(κ)2 in the proof of Theorem 3.8, we may
prove the following.
Theorem 3.9. Let κ be a strong limit cardinal. If X satisfies that piw(X) 6 κ 6∆(X) <
2κ , then X is extraresolvable.
Hence, if we assume GCH, by Theorem 3.9, every space X with piw(X) singular and
piw(X)=∆(X) must be extraresolvable.
Example 3.10. For every ω 6 κ < c, we may find a metric, separable, non-discrete,
extraresolvable topological subgroup ofR of size κ and dispersion character equal to κ . For
κ = ω, the space of the rational numbers Q is extraresolvable, by Theorem 2.2. Suppose
that ω < κ < c. Let B be a countable base for R. By transfinite induction, we may find a
subset X of R such that |X| = κ and |X ∩V | = κ for every V ∈ B. Define G= 〈X〉. Then,
ω = piw(G) 6 κ = ∆(G) < 2ω = c. By virtue of Theorem 3.9, G is extraresolvable and
∆(G)= κ .
Corollary 3.11. The following are equivalent:
(1) Continuum Hypothesis;
(2) every separable metric space X with ω <∆(X)6 |X| is not extraresolvable;
(3) every separable metric space X with |X| =∆(X)= ω1 is not extraresolvable;
(4) there is a separable metric space X with |X| = ∆(X) = ω1 which is not
extraresolvable.
Proof. (1)⇒ (2) Assume CH. If X is a separable metric space with |X| = ∆(X) = ω1,
then |X| = 2ω = |X|piw(X) =∆(X) and so, by Theorem 1.5, X cannot be extraresolvable.
(2)⇒ (3) This is evident.
(3)⇒ (1) We use Example 3.10 to get a contradiction.
(1)⇒ (4) We let X =R.
(4)⇒ (1) Suppose that ω1 < c and let X be a separable metric space X with |X| =
∆(X)= ω1 which is not extraresolvable. We then have that piw(X) = ω < ω1 =∆(X)=
|X|< 2ω = c. By Theorem 3.8, X is extraresolvable, but this is a contradiction. 2
Theorem 3.12. Let κ be a cardinal with k = κ<cf(κ) and let X be a space with
d(X) = piw(X) = κ . Then, every dense subset Y of ωX with piw(Y ) 6 ∆(Y ) < κcf(κ)
is extraresolvable.
Proof. Let Y be a dense subset of ωX with piw(Y ) 6 ∆(Y ). Since d(X) = κ , we must
have that |Y |> κ . By the density of Y in ωX and Theorem 3.8, it suffices to show that every
subset A ∈ [ωX]<κ is nowhere dense. Indeed, let A ⊆ ωX with |A|< κ . Fix a nonempty
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open basic subset U of ωX, we choose i < ω so that pii [U ] = X. Since |pii[A]| < d(X)
there exists a nonempty open subsetW of X such that W ∩pii [A] = ∅. Then, pi−1i [W ] ∩U
is a nonempty open subset of U which does not intersect A. Therefore, A is nowhere
dense. 2
Corollary 3.13. Let κ be a cardinal such that κ = κ<cf(κ) and let X be a space with
d(X)= piw(X) = κ . Then, every k-resolvable dense subset Y of ωX with |Y |< κcf(κ) is
extraresolvable.
Proof. Let Y ⊆ ωX satisfy the conditions. Since Y is κ-resolvable, piw(Y )6 κ 6∆(Y )6
|Y |< κcf(κ). We now apply Theorem 3.12. 2
Example 3.14. For every cardinal κ with cf(κ) = ω, there is a metric extraresolvable
topological Abelian group of size κ and dispersion character equal to κ . Consider the
groupX = [κ]<ω of Example 3.7 equipped with discrete topology. Since ωX is maximally
resolvable, we may find a set {Dξ : ξ < κ} of pairwise disjoint subsets of ωX each one of
size κ . If G= 〈{Dξ : ξ < κ}〉, by Corollary 3.13, then G is extraresolvable and since G is
κ-resolvable,∆(G)= κ .
Corollary 3.15. Let κ be a cardinal such that κ = κ<cf(κ) and ω < cf(κ), and let X be a
space with d(X)= piw(X)= |X| = κ . Then, every dense subset Y of ωX with κ 6∆(Y )
is extraresolvable. In particular, if κ 6∆(ωX), then ωX is extraresolvable.
Proof. Let Y be a dense subset of ωX with κ 6∆(Y ). Then, we have that
κ 6 d(Y )6 piw(Y )6 κ 6∆(Y )6 |X| = κ < κcf(κ).
By Theorem 3.12, we have that X is extraresolvable. 2
Example 3.16. For each cardinal κ with k = κ<cf(κ) and cf(κ) > ω, there is a compact
extraresolvable space of size κ with dispersion character κ . Let X be the one point
compactification of κ . By Corollary 3.15, ωX is extraresolvable and it is clear that
∆(ωX)= κ .
Example 3.17. For each cardinal κ with k = κ<cf(κ) and cf(κ) > ω, there is a metric
extraresolvable topological Abelian group of size κ with dispersion character equal to κ .
Let X = [κ]<ω with the discrete topology. We have that ∆(ωX)= κ . From Corollary 3.15
we obtain that ωX is extraresolvable.
The following result is a direct consequence of Examples 3.14 and 3.17.
Corollary 3.18 [GCH]. For each cardinal κ there is a metric extraresolvable topological
Abelian group of size κ and dispersion character equal to κ .
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Next, we will see that if we assume GCH, then for each cardinal κ there is a compact
extraresolvable space of size κ .
Lemma 3.19. Let κ be a cardinal and let {λξ : ξ < cf(κ)} be an unbounded, strictly
increasing set of infinite ordinals in κ . Suppose that {Xξ : ξ < cf(κ)} is a set of compact
spaces such that X0 is extraresolvable and ∆(X0) = |λ0| < ∆(Xξ ) for every 0 < ξ <
cf(κ). Then, the one point compactification of the topological sum of the spaces {Xξ : ξ <
cf(κ)} is extraresolvable and has dispersion character∆(X0).
Proof. Let X be the point compactification of the topological sum of the compact spaces
{Xξ : ξ < cf(κ)}. Without loss of generality, we may assume that {Xξ : ξ < cf(κ)} are
pairwise disjoint and λ0 is an infinite cardinal. Let {D0θ : θ < λ+0 } be a set of dense
subsets of X0 witnessing the extraresolvability of X0. By the maximal resolvability of
each one of the spaces {Xξ : 0< ξ < cf(κ)}, for each 0< ξ < cf(κ), we may choose a set
{Dξθ : 0< θ < λ+0 } of pairwise disjoint dense subsets of Xξ . We define
Dθ =
⋃
ξ<cf(κ)
D
ξ
θ for each θ < λ
+
0 .
Clearly, Dθ is dense in X for each θ < λ+0 and Dν ∩ Dµ = D0ν ∩D0µ is nowhere dense
whenever ν < µ< λ+0 . Since ∆(X)=∆(X0)= λ0, X is extraresolvable. 2
Theorem of ˇCech and Pospíšil asserts that every compact Hausdorff space (without
isolated points) has cardinality bigger than c (a proof is available in [12, Theorem 2.19]).
This justifies why we only consider cardinal numbers bigger than or equal to c in the next
corollary.
Corollary 3.20 [GCH]. For each cardinal κ > c there is a compact extraresolvable space
of size κ .
Proof. Assume GCH. Let κ > c be a cardinal. If cf(κ) > ω, then the space of Example 3.16
is a compact extraresolvable space with dispersion character κ . By transfinite induction and
Lemma 3.19, we may construct a compact extraresolvable space of size κ for each cardinal
κ with cf(κ)= ω. 2
It is known that every compact space has size bigger than c (see [12]). In [1], it
is shown that for every cardinal κ there is a compact extraresolvable space of size
and dispersion character 2κ . In particular, there is an extraresolvable space of size and
dispersion character c.
Example 3.21. Let X be a compact extraresolvable space of size and dispersion
character c. If A(κ) is the one-point compactification of the discrete space κ > c, by
Lemma 3.5, then we have that X × A(κ) is a compact extraresolvable space of size κ
with dispersion character c.
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Our next example is a pseudocompact extraresolvable topological Abelian group.
Example 3.22. Let κ be a cardinal with κ = κ<cf(κ) and cf(κ) > ω. Then, there is
a connected, ω-bounded, extraresolvable, topological Abelian group of size κ with
dispersion character equal to κ . Consider the unit circle T and the subgroup
G= {x ∈ κT: |{ξ < κ : xξ 6= 1}|6 ω}
of κT. Then, G is a connected, ω-bounded topological Abelian group with d(G) =
piw(G) = w(G) = ∆(G) = κ and since κω = κ , |G| = κ . If A ⊆ G has cardinality
strictly smaller that κ , then there is J ∈ [κ]<κ such that A ⊆ JT × κ−J {1}. Hence, A ⊆
JT× κ−J {1} and so A has void interior. Therefore,G is extraresolvable by Theorem 3.8.
We proved in Theorem 2.2 that every countable space with countable nowhere dense
tightness is extraresolvable. In connection with this result we have the following theorem.
Theorem 3.23 [GCH]. Let κ be a cardinal number. If X satisfies that
(1) t (X)= κ < d(X)=∆(X)= κ+; and
(2) every subset A ∈ [X]6κ is nowhere dense,
then X is extraresolvable.
Proof. To prove this theorem we just replace the tree <κ2 by the tree <κ+2 in the proof of
Theorem 3.1 and follow the argument of the proof. 2
Assuming ♦, there is a compact, connected, first countable Hausdorff space that is
extraresolvable:
Example 3.24. We know that under ♦ there is compact, connected, hereditarily Lindelöf,
hereditarily ccc, first countable, perfectly normal and not separable Hausdorff space of
cardinality ω1 in which every countable subset is nowhere dense (see [17, p. 15]). If S is
such a space, then S is extraresolvable because of Theorem 3.23.
The answer to the following question, suggested to the authors by O.T. Alas, remains
unknown in ZFC.
Question 3.25. In ZFC, is there a compact first countable extraresolvable space?
4. Some examples and some questions
We pointed out above that (ω, τ ) with τ the cofinite topology on ω satisfies that every
almost disjoint family Σ of infinite subsets of ω is a set of dense subsets. It is then natural
to ask whether, for every maximal almost disjoint familyΣ of infinite subsets of ω, is there
a Hausdorff topology τ on ω such that every element of Σ is τ -dense? But, it turns out
that the answers is in the negative as we shall prove in the next example.
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Example 4.1. It is shown in [2], using only the axioms of ZFC, that for every free ultrafilter
p on ω there is a maximal almost disjoint familyΣp of infinite subsets of subsets of ω such
that ∀F ∈ p ∃A ∈Σp(A ⊆ F). Fix a free ultrafilter p on ω and consider Σp . Let (ω, τ )
be a topological space. Choose ∅ 6= V ∈ τ . If V ∈ p, then there would be A ∈ Σp such
that A ⊆ V , and if ω − V ∈ p, then there would be B ∈Σp such that B ∩ V = ∅. Thus,
if (ω, τ ) is Hausdorff, then there is A ∈Σp such that A cannot be τ -dense, for every free
ultrafilter p on ω.
An example of a countable Hausdorff topological space that is extraresolvable and does
not have nowhere dense tightness is the following.
Example 4.2. Van Douwen [8] called a space nodec if every nowhere dense subset is
closed. Njastad [15] showed that if (X, τ) is a topological space, then τα = {S ⊆ X: S ⊆
S◦ ◦} is a topology on X in which every nowhere dense subset is closed and τ ⊆ τα . It is
evident that if (X, τ) does not have isolated points, then τα does not have isolated points
as well. Notice that the operator ( )α preserves local pi -bases and it only preserves the
Hausdorff axiom. Malykhin and Tironi [14] proved that every nodec topological space
with countable pi -character is a weakly FU-space. Thus, if (ω, τ ) is a topological Hausdorff
space with countable pi -character, then (ω, τα) is a countable Hausdorff topological space
that is extraresolvable and does not have nowhere dense tightness.
We end with a list of questions.
Corollary 3.18 responds affirmatively the next question under the assumption of GCH.
We believe that the answer is in the positive in ZFC.
Question 4.3. For every cardinal κ , is there a metric extraresolvable topological Abelian
group with dispersion character equal to κ?
There is there a metric extraresolvable topological Abelian group with dispersion
character equal to κ in each one of the following cases:
(1) κ is a strong limit (Example 3.7);
(2) ω6 κ < c (Example 3.10);
(3) cf(κ)= ω (Example 3.14);
(4) κ<cf(κ) = κ and cf(κ) > ω (Example 3.17);
(5) κ = c [1, Example 3.1].
Concerning compact spaces we have the following.
Question 4.4. For every cardinal κ > c, is there a compact extraresolvable space with
dispersion character equal to κ?
Two partial answers to Question 4.4 are the following:
(1) when κ<cf(κ) = κ and cf(κ) > ω (Example 3.16);
(2) for 2κ , for every infinite cardinal κ [1, Corollary 2.3].
The last question, in the context of topological groups, is the following.
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Question 4.5. For every cardinal κ , is there a pseudocompact extraresolvable topological
group with dispersion character equal to κ?
If κ<cf(κ) = κ and cf(κ) > ω, then there is a pseudocompact, connected extraresolvable
topological Abelian group with dispersion character equal to κ (Example 3.22).
Question 4.6. Is there an extraresolvable space which is not maximally resolvable?
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